Pud L2 Tndor 4 Ea(yae Ca{af{}ﬂj{ 2@/8/25 Martn

Iopd: Siwle, undsed gnph G= (Y E). ;\ )

.Ow{"zui’- An dyﬁ C«{m'ni XET—>E| sl KEA XE) ifle wd e’ share an em(raw('

Rewerks:

~ Con asume ot € =[k]:= 81, - K] for kelN u\\j — Need A digernt cdus

= Need k28, A= wn-digre @ G
Thenen [Vigng, 6141 Aoy goph con Le (1)~ cobed. A < X'(6) < an
Theoust [Hoger: 811, NP-Harol 4 dekemine if o qrph is A- crable
= Fust (8+1)-clovivg best we con hype for

- How :fa.t'{‘ n we CJMFW{?, such « tg(mnj7

ina's  Algorithm
Viging-Ripurhk (G):
l. CMJEMCMF\%ACJMVIJ X 5 G
2. For eadh eal?e €,y Em-
| Exkead X # e, We con find an fo(,,@i‘a/fwnolin] ,Ml R SMM] at v
Eadenling % S P N S St X&) =
o4 4 ol -4 -4 X
o 0 Or-ererereeees o Orrevneeeeerns O~ O-rerrreeeer Ot o——0
w o e v Ww e v W e v woe v e v
At wok A-1 o ineidnt o0 W0 e <<< Flipping P Jm7¢s which 4 o« ad £ is missig of V
— 3 a wissing el €[] ot 0 “—
£4-1 edyes
/ \) / \) Ca.llno{!' (olaf é; with o or /2
If P enls of u the aboidm fuks: | / | /
gt da kol [Cont hugpon in Lioebik. s’ v ol e |
Rmm;ng_"ﬁm

Tive tr extord the cowg tr an edpe = Olleagth g the alhornding ph) = O(n).

Tokal rwnning dme = m. O(n) = O(mn)



Viging's Chains gad Fans

How con we extend a colirg tr am edge in a genecal gph ?

We o we Viging fans oud Viging choins.  Suppne ve now have A+ colovs.
|§9P€ 4 Bl

oY
o\g = S
6
misxivy a}(' Uu . -
M Rofude' colos srmmd foun
2 e

A
&0 (2cwes)  Flipthe {005 -pubh stadng of

T N A dpe L fas

/e o il gt o RPN B o e~ o S [ Ml | 4 NS KO R jp”
: SO L YL
Al pra i . Pt
EUEEE RN MEEENSS ey
A STHER 5 ol S o s s SN T
The “$on' tTl':e Chain' 3

Runing Tive

Tive ¥ exbord the oy 4 an edpe = Olsge o fun + Sge @ chain) = O2+1n) = O(n)
Coupube @ (8+1)= Coloving in Five = m- O(n) = O(wn),
Remarks

= Need 841 aloa ¥ onstud a fon

= Vging fans wre é_mw Annajmﬂ T ue w(?m#.mw% = otlen not o comcopMJ/;J m(evm»{-, bt wiakes %Av?x Yedmicad
= For vy dlooithms, we con vy e wain ideas by assuming bipacbknes.



Simmaman's QA Tive Agtmﬂm
(Assume. G, i L;Var&k).

 Vizina (G):
l. Crake an auy!y A-Colm'nj X 5 G
2. While thee is on wicdaed edpe:
Somple o vandom uncdoed edpe e
Exterd X % e

_Dlm[smnumonl Ilq] RMpLMA'\/[}Mj s in Pme DMA).

&W#. Ld— €,=(H.,V.),..., C)‘=(UA,V,\) be HﬂC UMM @Qes ]?
/
cl,) -
U O‘""""_'_'::::O Vi O'-"""_'_'_'_',O/ =
o N L. ASngn eadh U a Mising coor Clt). Jo S [l N P
o el B8 0 2. Asign each V; missig color C; 0 o 5
P
O o= /_/
O-------::::::_:_':O Q_Mmﬂg V=Y = C *CJ‘, O‘O<
o=+ o= =

P = He ZC(‘M, C;z]’n,u-wml-.;ﬂ JMH} P V;
ng Observabm. All o these aﬂ'e/mm’v}rﬂ ’Oa,ﬂls we diskaok

The hlal logth o all (Maxiouwl) AP & O(mA): Eodh cooed edye appesn i <A AR
= X AP+ bhd lagth OMA) = expeed length OMA/)),

> Tl ratng s 2, 0018/3) = O(odlyn)

Resarks:

~ Eay o evfnd b geeral gaphe Ly uing Viging foac.

= Sugies b juck randomly comple missing cos for AR:

~ Digewnt andysis gives OM&), ox= arbaricily

~ Thex sobs & ‘wveraging arguments' are Ye coe o all Jusk dypitms Lazd on Viging chai



Ell| Bl
Haw can we wiplement o divide -and~ conguer  approach !

Lewma Gien G=(E) of max dog 4, con spht ke disjoint subgphe G, =(VE) and G,=(VE.) of ma deg. [8/2Tin OM) Hime.
Lds: Ttordke ovor an Euloion tour wd albmabdy add el 4 E, aad E,.

_AMQLL BFM‘k Eo(% Co(mnj

Thewent [Cole, Osk, Schirm, 011, Rrpurke A=l o Olply ) e

L Suppoe G s A=2kjar kelN.

Se G 15 biparbl: 4@) =2(6)=%

Sine 4 = 2k, affer O(hﬁA) steps,

add  clum
3 e'i«?“ we have pMAmJ E inb- A VMm‘-Jn'rgs.

¥ Make A-vgulr
(cn e mufbedys)
25 Tike: Obb): O(lja) = 0@ )ﬂA).
—>

= Con e exbondd - any & Ty AE2N, fnd o persed watdiig in On) Hme.
= Mere verhus w v sk o&j(ulnbjlvjéd = nédargd 9mfla hag Sige O) insead 4 own).

me_Elegmf BipM‘h A‘Co(m'nﬁ in OM) tme? (Even assuning A=2k).
Applicabian IT: Reduckon 4 Cdﬂg AM&M\#

Suppac e waek b avpik 0 G4)-cloing g G
L Splt G whk G ad Gy, st AG), AG) < [%]

2. Recursivdy ompe o (B(G) +1) ~clwing % 4 G

3. Ld X<k ke o A@G)+4G)+2 < 2[4]+2 < 443 by 4 G

Y Unibr Hhe 2 swallest coor dastes oy X Lesies o (8+1)~ cdming with Om/A) wncroed  edyes.
S. Exbond X Hr the wicdued  edges

Theoem [Gdbas o ok, ‘P51, (a41)- Coloing 30 O(MIN) Hime.
Pt Gien & (041)= coloing o/ OW/8) wncdoed, edyes, we con colar them i 5(%‘45/3"4/ n-m/ng) = O M) ke
= T(m)= 2-Tm/2)+ Omin) = Tm) = OMmn)



Pt 2: (A+|)‘C0’afinj in Near-Linear Time

[Viy‘wj. ‘4] [Cile, Ost| Schir) 01 [Sinnamm, '] [Assad Behwe;ﬁaJ,BWﬂaMa . C, Solowar, thj, SToc25]
O(mn) O(mn) O(mlma)
: ! '. ; : :‘l’ -. ‘L'. / i
6o () T ‘0o 20
Omin)
[Arjovdam(f '321 é(MVI%‘) [BI/W&AMR : q, Solo\na/l/ ZM?/ SODA 125]

[Guba of o 751 S :
B(m)  [Bhalbdosgs, o, C, Solowr, 2hay, FOCS 24

60\1) [ASSM.', SODA'Z‘{]
O?) Hime ”{7‘ corollary o3 o ) fue aly. for (8+O(ign)) - cobring. Based o vandam walks § y)eelmj “fuir' akchings.
O(mn’) fime: based on aw‘vg Shs" and ij tore. Viging chains for less edyes:

A bolllredk for these agq: Cdm’vﬂ the sk geu edgec & vty Slnw!

= Ol?) term comes fom OM/A) Viging chains
= When strs became cmall, owr dlge alse wies Viging  chains.
Obcervibhn:  Color exdension in O(A) fime => (A“)—w(mj in OM) fme.

Puag. By Eulor parkbucng:  Tw,8) = 2-T(wl2, a/2) +0OM/A) -O®) = 2:T(mk, a/2) + Om).  T(m )= Om)

BMN™) fne byt Color exkoion in B8+ J5T) fiwe. + [Asads, oA 23] + [Recsz, Focs2d]
Open Pollem. Color exchasion in O(a) dime.

Many baties t besking O(°) fwe cdor extasian—> Single. coor exdension framework pblemabi.

Core iden o4 [ARBCSZ'2S[: Single colar exkasior —> Bakch cobor eactnsion.

RoaAmap !

| A new newr-lnear fime a]gow‘dlm for L,]mlrk gophs based o Viymj doins. (We iqnore ) fadvs — O(m l{fn).
— Inkvduces main naw idess
~ Only nadd A colors
= Asume M= ®(@n) (s.'m,o{;m afrdﬁ'ms).

2. Exdnsion 4 gwal 7mfhs.
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c q

Goak: Exlend o coloing 4r o viadvhing oy weolwed_elgec in o) we.

A llsqd [ﬂg,'ﬂh,f'

Suppne. we heve. many vedex dipid  uncoled edgas, mising o ad

o o == — o o - o O——0
o o -_— o o - O———0
o o — ) e B P o — e R
o] o STias — o} O - — OO0
o o ST o] O - O——0

Their 1%, £3-AB he a cubing leagth 7z O0) —> Cam Hy them all

in On) fime.

Create 'Mwny' wncolned eAgLr wit the some Wising tolors.

The Algm'ﬂaui // R
An edge V) s o bape 1X,£3 i exe miss) and Be miss@) \? o AT T

The w(jan'qu has 2 Comyanw’tr:

CmpM L Tmoe Amp[-‘jqa}?"m
= Picke a Hpe 1,3, and makes Mty wceloed edyes o this Type.

Q_um]amaﬂ[: Unifom ije Colw  E xtnsim

— Takees ij WM @96: with Jyre 20(,,@3, mX EM %e cf,(wv “’r %w. < Cwn = p&vte in O(I’l) 7’1m2

i e 0
e o
GMET s o
s S - )
s S o
Grte o
e — 0
Gt —temmet— )
A wncdoed edgec

ciisEeis 0
» o )
in On) tme ¥R -
. o
2 R THES T - 0
O ©
- i b @-% S(M) Zo(;a wilh  e— Call Hee elges social
@ ) bpe 24

Subrmbne does  not chm;z the s 03 wicoloed eﬁlaw —> Remain d’,,‘yjaiw(-



TR v

While viumber of edges of hpe Tox,£3 1s < M(100n):

I8 Samplc V) war. o J?V‘ ] | il /? ..................... V\ g .................... X
2. B = 1 3 =AP ok « SEED q s e P
3. R = 38,03-AP of v / R e f SRR N
o o \ Onomreseenesssnnaaes )
4] Elp (Rl il B IR 1 SRR ]
o= ‘\ o e A )
Ol miselan } <\ ('WA) wncoloed EJ% 72 St e P 0
Obsevvakion (u,v) now has Jyye $ox, 43 Y S e o o} Jnjyc 1, g} And S0 ik 0

K_ﬂj_LeM\. W.p. = 0.5, this does nef domage'  any oher edge o fype §3 | —> Number o edes wibh -Wa {00 RS inareases.

Foog. ! v A Y Uv) is bad — Gyy) is respansible.
o) YU SR - C [ o NS I S o)
/O --------------- 0\ o (o} \
o ¥o) \ / o NS Yol
/ o o —_— e}

G| e I
. GIER R \ iR :
7B LA i ol Hou wany sudh AR eam| g | | | og
O+t ro) H/l%" lae 4 (ol dl o
4 v
Cho Eh s s~ 0] < o= bl
responsible ol A o

v 0857 7 I 7 S B S SO 7 R S, o502 G 0 el o
“ /\/S .................... o} A\Lfeasf)\—,om—s%éé edegesmggo_d(nd’mdarhad)
Szwq‘almg hik & gmd edne wp: = 1/2

At wak B 12, %3-AR, ’g:_'_'_'_'_'_'_'_'_':_'_'.'_'_'_'f,”} < M (w0b) uncolned eles
S\Larﬁhj ot x. y St e el 130 o o Ype 145

Rebnr T
Ruving tive op an erahon = O(IRI+IR1)

Tl loagth o all 1,23 wnl 183-AR s Oln) (O®) types, and all AR for . specfie bype e ol longth O()
We sample o poiv fom o colledhn g A puin o3 disind such ;oa,#x.r. =2 E[]RA’+’R/!]=O<M/)\)
Repeat for O(N/A) iterabons => Tohd rumang fwe = O(/)-O(2/A) =O0)

Lewma. Given A wncoloed edges  joming a Mn}"ohmj and g Jyye 1o, £} Make SLOVA) oy them o Type 308 in O) fme.



Orerntrrernsennnsees ¥o) &t —t 1 0 &t — ¥o)
o S - o I o o O o
% sk e o inOnl twe| & | | | o iNOM) tme| 4 | | | v
Oneemrreaeemanenans o Onrerareemmenmneeee o o )
Oreemimenmarenneaees 0 e et 0 sz s = - S ¥e)
Onnrmrmsmnnannanaes o (o © oO——-—0
L O [ o) O————0
L (o] (@ © o o

RS S S ) i 5
PR V] et (AB) el
Jorwing . wokohin SLWNA) edaes wi SLIN/D) edges

"ﬂ 7 bpe. EDZ(?} Oo’fvrﬂ’/(

In O fime, we can exddend X - SLOND) wncoloed edges.
Rc]oea}ﬁnj O) fimes colors all A cdga in OM)-0) = Bna) = dM) Hme.

Remark:
— The nHernMLMﬂ yaﬂ:r e 1t Viging chains — can shigt uncoloed edyes with them.
— By dhoosoyg a pe 1o4,RY o unammor clos (Wt appear O(n/) fmes). O() ~> OM/D)  bawnds.

Exdevsion t- General Cuuphs

Recall the me[eM.‘ Thas, we. need Vn}in_q fans:

A \) e T Palla:
A HeeeEr R,
P P q/'g O\O“ — NUJ—CPW,

IHs vy ied 4 cood the colos 4 a Viging chwin —> Courot inkgrke thom ik previous framewmk —> Need 0 now appronch.

U= Fans [ Gabow ot ol, '85]
A uan: 2 weoled  edjes sharng an endlpaid, with o cowman Missing ol at the ather endpoints:
° B~ e . =

Qrm@&ft Now ue bl Loth coos ot the altorneding pth. ]Mﬂ%t U-fons in 5@;4&»%( griph = widoed edies in bipulite gmphs.



God: Exbond o colng 4 O wiedoed elies in O) fwe,

Suppne ue have N widved edges

Phae T: Coor XN edes via Viging fons or creske (N u-$ans

Phuee T2 Gren LA u-fans, color SUA) edges

Compuent I: Type Awpligication
Pk e e 108 bl ] ] sty G

Coupment IL* Unigon Type Colar Exbnsion wn 1) $rackion
— Takes muy W wth Hype 1,63, and exdends the cobing #i%w.

U= fans

Gt 2 Is By inkesedt” We can veste o u-fon.  —>  Asume Uhey are. chsjoink

o- --------- o S R
P e N AN A
O Po) MA Covﬂpﬂj'ﬂ \/5,1']9 JLWL(' d’ 'S P ‘\o 5 %4 o,,o o

DL 1T ot e doto ledie

Taverse Viging chains in pualled, 4 edge ot afme. Tg Viging chain endls, ackvake it —> Colors the edye

5 e . e e R
o0 —> 60

o o
=4 !

; o
o/g oy

Lokuaeshng cuse: Viging chains infersect ot o verfe.
Shigt the wicsbed edses

? down the dhains t this
0/2 Ircakion, aking & u-fon

o)
=] /

0 0 a..,
o > 1l =5 ™9
070 0=——0

o) /
Shist epes clan puth

o /’ o 6) o z/ o\o — O /

e
Q\ o/ o O o o~



AP

Suppme we have J_p-ro edges. At any )oomi w tme: Iengg' o al AR is O(m,) < Vertex olis gt

Sine all AR hore sume lempth 21 When L remain, bhey hawe  lenyth O, /4), o./—%j s
I I

Totol ruming five 2. 001/ 1) = B(,.), 2
A=p /

Repesti for all alors or: 2, OW,) = D), A

Lewwn, N wncoloed edyes = Color UN) edpes or creske. U u-fans in O} Hme.
Rewmarks:

— Sove detuils are missing: Wl dynawiic, time b handle VB"“j fans } Widor defails

= Advabing & chain can domage U-fam
. o } Can be handledl.
= U-funs e not verbex disjoink
,;q Pre)
M_cdkﬁm P:/,/ E ’.O' _____
Why disjaivtness impadunt 7 Digrerent wncbed edges give digierent abloveting paths d b 1

U Tmches k wcebed 60(5»&' = U s k missing colors. W con Assign ead) one o gt wissing ol Av@umavﬁ easily exdend.



Part T: Deforuinishe (A+1)~Cobing in Almak=Linar Time

[4BBCS2 25| needs rdon souping b~ wake edjes el —> o a gud " elpe wp 23

This is the oy part that uses vandonness —> Can we remore i 7

Why is ths unbuesting 7 ANl et fash shbc alpithas rely on vudanged sublnenr—twe. alipithos!
[BeCs2, FOcs 24]: Randonly extends cdoing - edge 1n a shar
[Assadi, SODA2S]: Bln) Hive. randon wnlk, appled A hmes 4 exbct wakchings.
[BCS2, SODA2S]: Randmly cnshucking mulhskep iing chains’

Can we design an dlgonithm that does pet we Sublinear  algorths 7

Thesetn Delormaishc (5)~Colong in M2 1gn = ™ e,

Just like begore: Sugpees o consider o watthing o3 wncobed edges i a biparkle grph (Determinishe. conshuckion o separable u~fans)

B D ==l
u "
/o .................... o Totl Ieng'{i: g AR = O(na)
[ (BEREB BTy I
\\Z_'_'_'_'_'_'.'_'.'.'.'_'.f_-.-_'_'_'_z Time 4 wake e woe smisl edge = O(nA)
S0 o,
Gt U o



T ke

Notabor: X:E — CU{L}, AxB=§fal}|acA, LeB}. e hus bpe AXB is TEe< AxB

Theaew. Let G=(,E) be a gmph and X:E—> CULLY & parkial abing, and U o makching o A wncolored edyes.

Gien o paamder 1y, porltn Cisk- €., Ep st lel=1cl/m. In O(M-Mj(V(J) dekerminishe, Hme,

4 the elges in U e a dype i UL B xE,

2

GGG

“ % Yy

N &
L S

Y
&4
4

q
%
<,
4

GGG
%.. e

Suppne A=2:1% g eIN. (cleon recursion). Apply type sparsigiabon recursively:

 C= L, Ly, Ei=20(E) Ulecultele Eixed G,=(VE) %:E,— Cuill

* Rewne on (G, %, E.),..,Gn, X, Cr)

fom U survive b botlan o veaunrsiomn.

Extond the cbig = A2 ales 0 O) ne:
< 0 o O

=S - o (o} o

Ot L o) D @
O-rmrmemenememcaenen o D-memrmmemememnns o
Oreerremsremeeaeeees ¥e) Eals i Oemsemmrrmmermenc 0

L o (o ©
Oerrmseemseemniais ¢) o 0
e e o © ©

\_,-—\/__/

A WIM eo{ya _

fonity . vkl 0) digink Hypes

Tatal| Fole. o |cally 02T edges: M~AO(£J--£-

Tohl e e oo all A alpes 1 U w2522l

1
Sdblﬂ g= @(l/th—A)-' MAO(W)-J@—A - ZO(J,"—A). an = m.ZO(JTﬂZ).

@'AUq%emPaHMCM\

Le | L
" S

‘ajVI

A simuttoneashy

fime.

-0O(¥)
Repeat whl we e €y Cun, sk [E1=2. Suppae y= 20 thon rcursim dopth s OC), thus \-00) " =

modigy X o $at D)

-O(¥e)

A2

ja



T S pha b Al

Let n=245 Parbbon C inh- €., Cpr. For ke, splt &y b Coery # Car.
q, g &

k
Cl Cg_ C - C C EL C £
[o]o]e]olo]o] I o Zc‘:lolo oZko] [ozg'o 0 éAo]

Degntim. eeU is unifam 1t TCI€ C XC; or ghined it T(e)€ Cppert X Cap.
Gol: Make O\ o e edpes in U aligped or wnifom
Asumplor: T¢ Q) o the edges in U ace wnifom, we are dove —> Acume vor edyes are umifom

For cach lt‘_'[me]/ let C£= {Cc('),m,ci(ﬂi, i-e. C{UJ is the ja" CU(N' 7/ C(.

Let & hue 411,93 CixCp. Su'opm we wait TEIE CoiXCy.

Let T(e)=1c G, Co}. T
& Cae-s Cax C

Flip the 100}, CaiO} and {00, CG00-AR ot e [o 0 G [0/9 oo oo - [9 o o]

-
(4

.

Desaibr. An AP is relewant it # has hpe & A0} Cir(J)S.
An AP is kerdlevnd i it has a color i & / ) g

WveeV]md;:weawlaeA@es o}—-n‘ylae Cope-1 X Cp dWMjmm( k.

U set & uncelored edges
o ki [s o v koed it Sy b konkmd A b jﬁtj
£ n in U0-ul, (and n e ssed ).
Wile (Ul < /(oo SR e
Sample € ~U u.ar.
it e is k-good: s B
' Ffi,o bhe k-rloant AP wf’ e \@. ________ @/\
Uh‘—(,(k‘re / /

Lewma. Prle is gm{]zl/z, ‘

Prut.  Eoch edge in U0 Ules s respomsible for < Y bad edges. (each endypoick faches 2. k-rclemt AR )
Each edge in Uy is responsible for < 4N bad  edges. (each endpoinh fuches 27 k-rolewnt AR )

= # Ld edjes < 4T+ Ueal) #4071+ (01 + [ ]) < a9 Moo) < A2,
prusid. eyt



S

k- releaat AR hae O@/1)-O() = O(B) Ypes

Totul lomth o all k-rleant AR = O(n)-O@) = O(a) =O@m)  (assuming regulany)

Duing o vud, sunple ove . N elpes war. and flip th k-relnd AR — OM/)) expeded e
Tive o each rawnd = OM/))- OO/ ) = Om/M)

Tiw o olgr = OM)}-OM/n) = Om)

Cod: Conert SL(A/N) edges 4 ﬁﬂoe Cont X Co, wibak dasaging yrcv:?:w@ poussed. edges.

Lewma, There exiss o paulor weta-fpe C:XCy st 3 Uy, € UNU V- UU) with U, ol = OV and all le-gad it hpe C.XCy.
Futlermae, we con find suh a mela-tgpe i O@M) fwe.

Pamg. Thee are SLCA) k-god edpes in U, ad each hus o o3 Op?) wefa—wes. By aversging, 0. is populor:

To gind #, tweae all k-t AP stuting oot all prusied eyes, ond idonkity all k-bad edyes. Then scan over all 4 U oal idenbyy mark
Coumon mela—type. o k-gard edyss.

Totod length g Je- relevand APs = O(m).
Gien o ppulor Mda—@ye CoxCy ond Uy, moke all elyer in Uy o tpe CoiXCa in O Hme:

Pair wp C; <> Cypq wd Cy Cy, tlp dijont AR, Wl leagl. = O). O

RﬂPewfmg Oly) fve, ve weste B(\/1) edges 471% ChaKEls N S o s % |

Totol fime o rond = O(VVH?).

Why we cant hue wrifom  edges!
Ruming time - delerminishe A)gorié‘m = 0fy)-Omy) = O(my?*)



IV: Mlfi-S

Q:How fast can we extend a colwing b= o0 edge?

/')/ X //
Wi&an&g cdhain: Con be dme i OM) fime. Can we do batler 7 /// |/
EREn = o// ~
— © 1
Mu&n-_sﬁplguj_dlm Nukkple Vigong chains glueo( bgether: = // |/
o o— /
ol _| 2l

Mony applicshons in stobc, dynawic, and distibuded soings:

Theaew [Dusa, He, Zha, SoDA'f4] Dyvanic. (+€)A-Colwing 0 D(1/E) updike diwe, A= S(lan/2%)
Tnenem [ Beonshtuyn, J. Coul Tresy 22]. Dekerminishe LOCAL (a+1)-coling tn O(poly(a)) roundls.
Theaem [Chrishonsen, STOC'23]. Dypasic (1+€)A- Cooing in B(poly(/2) upolle. e

M[Bmshhgn, Dhawen 241, Shabic (H+EJA- Coloing i O(M-pa‘ﬂ(l/iﬂ rouncls.

Line q work dﬂ.&jﬂmﬁ ;haﬂ_mulﬂ;sﬁep_ﬂgmg_{ﬁmﬂs

= O0/eY) lonh chains, for (1+€)A-coboing (e= §,0/17))
= O() lonth chains, for (8+1)-coloing

A lower bound:
M[Chawj, He, Li, Pbke, Uk, SODA'I6]. T a gaph G ond (1+&)A- coloing X st extending X requires choaging the cols & 8L lgﬁeVl)ZEJ edyes.

Our Faus: O +180) - leagth MSV gor (+1)~colbing

Pn MSV conshackm Yt Wil by s o, e corchuchis

+ Assume bipuloess o siuplily. Exkends b qureal gmphs by odding Viging Sans + wany Yecical dofal
* Stat uibh exiskatl qianbess



A B - + -
Corsider an edge €=(u,V) with Vf;[rﬁ chain C.
I ICl=O@*), we ae dwe. —> Asume |C| =80 aud consider the fint 84 edyes.

Consider the. caon micsing ot each vertex, ol the type o eadh edge.

B ——3@—-—@/ ot R ER // s i =T
S eAnnnret
® .\\\N I~ \\Q\_\

Clam. Sine () ICl= 802 ad (@) thee are < (A+O(lgw)J2 < @A) =4R Yypes, sowe Yype. appears tuie.

— Gives 2 digerent choias fu where tr start vext chain.  These }041‘/15 we disjoint.

Repeat e Bass:
L eder [Cil or [Colis OQY), we ae dae — Assuwe [Ci,1C.1 = 822

Carstdac wising cos o Yhee puths. S there. we. Ollyn) o cobos, e ol consider 'veulcolos

Clam. Sine () [C,UC, 2 2- 84" and () Hhee are. 4N* Yypes, Some W" appears Y tives. _—
= Leads 1 Y4 chois for vow path, all disjeiok.
Consider the pull canstucked duwing skp

L They are verfexr disgant

2. There are 27 o5 thhem
3. They hwe lenth @)

/

- Total ’mﬂ is Su2Y). ‘
- The prouss. Con M_q 4o N for O(Iag n) Slqp:. /
PARE T =M AP g Hpe T Lewth O@).

Agber Ollgn) sleps, gnel . shat path N
> Use Uhs - conshuct @ Ollgnl-skep ASV: \

D -—
—
0-----C — .

= 3 a O@)-length MSV. e 0385 i



The. Algorthm

Let C, be a Vigig chain ot (uy), <1

Whike |Ci| = u(2%):
Pick a ruadm edge e in C; and shit the wncoloed edge 1 €,
Cens A Vging chain ot e, with vew Colors
(& i+l

AC)‘TW/"C C('

Lemma, “This algwi%m succeeds whp

Algarfamic guasentezs  almot woldh the esxistedial mes.

Main Theg: () bhe vardom edge ve. pick corespce b o Aype that appen mullple times wp S0, (2) we pick Lehan the digercnt paths wifumly

A+_Q(L9n) — A+]| Colws
What i we dan't have Ol ) exhva. cobrs?

L¢ the puths o the chain owrap, the cvstuchmn breaks —> Flipping ove path changes anvther
Perfom the same corstuchon uih puths o bwyth L = @@+ o0

Ly vk of the types in each path we new cobvs — shil warks.

Obheruise, ue say that o path is confavinated

7
{ 3
¢
V

= Mot fypes wdude ove o3 Ollayn) previass cofos.
= Sowe fype appeas Su(L/(Blgn) Himes.

Average lergth o3 B2,°3 puths < n-5@/L) = Ban) — one s legth OUM),

Open Questn Can ue extend a (AH)-@&wig in O™ time ?

Easier cﬂnes{fdw Exderd a (HE)A—calw‘vg n O0/E™) fime, for lame. enaugh £>07



